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Optimization of Roundtrip, Time-Constrained, Finite Burn
Trajectories via an Indirect Method

Chris L. Ranieri* and Cesar A. Ocampo’
University of Texas at Austin, Austin, Texas 78712

An indirect trajectory optimization method is used to compute optimal, time-constrained, roundtrip, finite burn
trajectories between any two orbits around a common central body. This method involves solving the optimal
control problem as a multipoint boundary value problem with two discontinuities in the controls corresponding to
the arrival at and the departure from the target. Solutions are provided that minimize the propellant, given either an
initial or final mass, while constraining the stay time at the target to be greater than or equal to a specified minimum
value and while constraining the total roundtrip time to be less than or equal to a specified maximum value. The
results are applied to human-crewed, one-year Earth-Mars roundtrip missions with a minimum two-month stay
at Mars and four year Earth—Jupiter missions with a minimum one-year Jovian stay. These missions utilize high-
power, nuclear electric propulsion with either a constant or variable specific impulse engine. This theoretical
formulation was used to find quick, efficient, converged solutions that are shown to be at least as optimal or slightly
more so compared to another optimization method that is hybrid in nature but still uses continuous control where

the thrust is along the primer vector.

Nomenclature

= exhaust velocity

constraint vector for boundary value problem

Bolza function

gravity acceleration vector

Hamiltonian

= angular momentum unit vector for

vehicle-centered frame

cost function

spacecraft mass

power

rotation matrix from vehicle-centered to inertial frame
= time derivative of rotation matrix from vehicle-centered
to inertial frame

spacecraft position vector

switching function

slack variable used with stay time constraint

slack variable used with total time of flight constraint
thrust

time

= stay time at target

thrust unit vector

c control vector

thrust unit vector time derivative

spacecraft velocity vector

velocity unit vector for vehicle-centered frame

third unit vector for vehicle-centered frame
parameter vector for boundary value problem

= in-plane thrust angle
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B = out of plane thrust angle

(7] = Lagrange multiplier adjoined with slack variables

A = costate Lagrange multiplier vector

An = mass Lagrange multiplier

A, = position costate Lagrange multiplier vector

Ay = magnitude of velocity costate Lagrange
multiplier vector

A, = velocity costate Lagrange multiplier vector

Ay, = time derivative of the magnitude of the velocity costate
multiplier vector

eg = central body’s gravitational constant

v = kinematic constraints vector

w = Lagrange multiplier adjoined with kinematic constraints

Subscripts

max = maximum value, power or thrust

Ti = spacecraft’s target attime t;,i =0, 1,2, f

Introduction

SYSTEMATIC application of the indirect method is used
to determine an optimal, minimum propellant, finite burn,
roundtrip trajectory between any two orbits around a common cen-
tral body. The roundtrip trajectory includes a specified minimum
stay time at the target system, where the spacecraft coasts along
with the target, simulating the time that could be used for human-
crewed or robotic missions to visit the surface of the target or for
a servicing satellite to perform its mission before returning back to
its point of origin. This stay time is constrained to be greater than
or equal to a minimum stay time at the target system. The total time
of flight is constrained to be less than or equal to a specified maxi-
mum time of flight. The target system can be another spacecraft, a
planet, a planetary system, moon, or any other celestial body that is
orbiting the same central body as the spacecraft that is performing
the transfer. A schematic of such a mission plan is given in Fig. 1.
The optimal control problem is solved as an indirect optimization
problem; the associated Euler—Lagrange equations are integrated
numerically, and the controls include the thrust direction and the
constrained engine parameters. Two different optimization prob-
lems are solved, both aiming for minimum propellant missions. In
the first, the initial spacecraft mass is specified and the final space-
craft mass on return to the point of origin is maximized. The second
problem specifies the final spacecraft mass and minimizes the initial
spacecraft mass at the departure from the point of origin. For both
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Fig. 1 Generalized roundtrip, time-constrained trajectory.

optimization problems, the start and end times of the inbound and
outbound trajectories are free search variables. The resulting mul-
tipoint boundary value problem is solved by the use of the controls
determined from the Pontryagin maximum principle.! The neces-
sary first differential optimality conditions are determined when the
aforementioned mission plan is considered as a trajectory with two
control corner conditions, where the Lagrange multipliers that con-
trol the trajectory may or may not be continuous.

The first corner is at time #;, which corresponds to the spacecraft’s
rendezvous with the target at the end of the outbound trajectory. The
second corner is at time #,, which corresponds to the departure time
from the target at the end of the stay time trajectory. By combining
the first differential optimality conditions generated at the initial and
final times and at the two corners, with kinematic constraints such as
the position and velocity of the target at time #, and #, and the position
and velocity of the point of origin at #, and ¢, the trajectory can be
optimized by solving a well-defined system of nonlinear equations.
Additionally, an adjoint control transformation that uses control-
related variables that have physical significance is used to help form
a better estimate of the initial values for the unknown Lagrange
multipliers.

The sample missions presented in this paper focus on high-power,
fast roundtrip missions to Mars and Jupiter. In the coming decades,
human-crewed missions to other planets in the solar system will be-
come more feasible with the advent of more efficient and powerful
spacecraft engines and propulsion systems. A promising propulsion
device for such a class of trajectories is a high-power, variable spe-
cific impulse (VSI) engine. An example of this type of engine is the
variable specific impulse magnetoplasma rocket (VASIMR) engine
under development at the Advanced Space Propulsion Laboratory at
the NASA Johnson Space Center.? In contrast to a constant specific
impulse engine (CSI) engine, the variability of the specific impulse
(1) and thrust of a VSI engine increases the performance of these
missions, providing higher payload mass fractions. The improved
performance of VSI engines compared to CSI engines is demon-
strated for the roundtrip Mars and Jupiter missions discussed in this
study.

For the formulation of the roundtrip Mars mission, Earth and
Mars are treated as zero sphere of influence point masses moving
around the sun with a realistic ephemeris. The ephemeris used for
this work is the three-dimensional, JPL DE405 ephemeris.® The
trajectories are generated considering only the gravitational force
from the sun on the spacecraft. For the VSI engine models, two
finite burn arcs are used; the first burn arc is the outbound trajectory
and the second burn arc is the inbound trajectory. For the finite burn
CSI engine models, the inbound and outbound trajectories are mod-
eled with three segments each: constant thrust arc/coast arc/constant
thrust arc. This switching structure is explicitly assumed for these
missions. Other switching structures with more thrusting and coast

periods could produce better solutions that still satisfy all of the nec-
essary conditions for optimality. However, the switching structure
assumed here satisfies the first-order necessary conditions. The CSI
engine models were set up to use the same power level as used in
the VSI model with a chosen I, value representative of typical CSI
engines. The power source is nuclear and bounded.

Roundtrip trajectories, particularly for interplanetary missions to
Mars, have been solved previously by the use of a variety of methods.
In contrast to previous studies, the current study uses the indirect
method to formulate rigorously a multipoint boundary value prob-
lem that uses the corner conditions associated with the rendezvous
with, and departure from, the target and includes both stay time and
total trip time constraints.

Previously, roundtrip trajectories have been analyzed with direct
methods. This technique involves parameterization of the controls
and/or the states into a finite number of points instead of the use of
the continuous solution generated by the indirect method. Solutions
obtained with this method are generally considered suboptimal due
to the discretization of either the states or controls, or both. The
convergence of the direct method is generally more robust than that
of the indirect method; however, for the problem considered here,
the indirect method has a fairly rapid convergence, provided an ad-
joint control transformation is used. Direct methods are utilized by
Ueno and Maruyama* in their work on optimizing roundtrip, time-
constrained sample return missions to Mars. Kluever® and Kluever
et al.> employ a direct method to parameterize the control rather
than using the continuous control of the indirect method for both
low thrust and impulsive missions. Direct methods are also used by
Coverstone-Carroll and Williams,” Coverstone-Carroll et al.,® and
Hargens and Coverstone-Carroll’ in their work using differential
inclusion to remove explicit control dependence from the problem
formulation. Another version of the direct method, used by Tang
and Conway, ' is called direct collocation and nonlinear program-
ming. This method removes the Lagrange multipliers and solves
the boundary value problem by the use of piecewise continuous
polynomials instead.

Analytical methods for determination of the optimal roundtrip
mission have also been formulated that make some assumptions and
simplifications to eliminate the numerical integration of the states
and costates. Seywald et al.'! use an analytic formulation to optimize
orbital transfers using a VASIMR engine. Polsgrove and Adams'?
use a different analytical formulation to analyze roundtrip, high-
power, interplanetary missions. However, these analytical methods
are often limited in scope and must operate under a number of
assumptions to be valid.

There also exist hybrid methods that numerically integrate the
Euler—Lagrange equations and control the spacecraft based on the
primer vector.'>'* These hybrid formulations solve a nonlinear pro-
gramming problem where the Lagrange multipliers of the indirect
method and the relevant mission parameters form part of the param-
eter vector while extremizing a general scalar cost function.!>!*
Though some of the first differential optimal conditions associ-
ated with the indirect method can be included as equality con-
straints in the hybrid formulation, they are not necessary. Rather,
it searches numerically for the set of parameters that drives the
cost function to a numerical optimum point, while explicitly sat-
isfying only the kinematic boundary constraints. One system that
utilizes such a technique is COPERNICUS, a prototype generalized
trajectory design and optimization tool currently under develop-
ment at the University of Texas at Austin.!>!* This hybrid tool was
used to verify the numerical results found by the use of the indirect
method.

As for indirect methods, they have been used in numerous pa-
pers to analyze one-way missions, but many examples are limited
to search for fixed, specified initial and final time trajectories and
do not consider the return leg as part of a complete, indirect optimal
control formulation. These one-way missions have no discontinu-
ities in either the states or controls. Vadali et al.'> and Nah et al.'s
have performed research focused on optimizing fixed-time, one-way
rendezvous trajectories with indirect methods. Their research does
include the gravity of Earth and Mars in the problem formulation,
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but does not include the stay time at Mars or the return leg in the
indirect optimization problem.

Impulsive roundtrip interplanetary missions have been optimized
with an indirect method by the use of the theory for state discon-
tinuities as laid out by Bryson and Ho.!” State discontinuities can
be used for velocity impulses at the planets, as shown by Casalino
et al.'® and Pastrone et al." A similar condition to the corner condi-
tions necessary in the finite burning roundtrip mission posed here is
the state and control discontinuity at a planetary gravity assist with
a finite burning engine as analyzed by Casalino et al.”’ Casalino and
Colasurdo,?! and Casalino et al.??

Indirect methods that use calculus of variations optimization
techniques have also been used by Sauer and Melbourne®® and
Melbourne et al.?* in increasing degrees of complexity. Their work
on roundtrip trajectories to Mars first involved the connection of
two optimal, fixed transfer-time, one-way trajectories found with
the indirect method to form the roundtrip trajectory. The optimal
times for the initialization of each one way trajectory are found
through geometric analysis of the motions of Earth and Mars. How-
ever, this does not address the full roundtrip trajectory as a single
optimization problem. It does not search for the optimal starting
times; rather, it explicitly analyzes the geometry of the orbits. It
is also not free to search for the optimal split of outbound and in-
bound transfer times within the specified total time of flight bounds.
However, this work has been further advanced and packaged in the
program VARITOP at the Jet Propulsion Laboratory, California In-
stitute of Technology (JPL), to optimize trajectories via the indirect
method.!>?’ Research by Sauer?® has addressed roundtrip missions
using the indirect method without the restrictions on the flight times
to search for the optimal outbound and inbound transfer times within
the total time of flight bounds and the optimal starting times.

The formulation used in Sauer’s work and VARITOP is similar
to the method presented here. This paper, however, presents some
insights and details into the time-constrained roundtrip trajectory
not explicitly detailed in Sauer’s research.?® The main differences
stem from the definition of the cost functions and, therefore, the
Hamiltonian.?® Additionally, this research rigorously derives and
presents all of the necessary targeted conditions for optimality, de-
tailing the behavior of the costates across the two corner control dis-
continuities at #; and #, and the effects of the inequality constraints
on the stay time and total time of flight. The necessary conditions
are formulated in terms of the switching function, which provides
some tangible significance to the targeted conditions. Finally, the
adjoint control transformation is introduced to improve the process
of generating a good initial estimate of the unknown vector.

System Equations and the Optimal Control Problem
First, the equations of motion of the trajectory are defined:

v
X=|g+T/mu (1)
m=—T]/c
where
r
X=|v (2)
m

The force field is a time-invariant central body field:
g=—pcer/r’ 3)
The thrust-direction unit vector is
u| =1 C))

For a CSI engine, the controls are defined as the thrust direction and
the thrust magnitude:
u
u=[7] )

0<T < Thux (6)

For a VSI engine, the controls are the thrust direction, the thrust
magnitude, and the power:

u
uc=|T (N
P
0<P < P (®)

There are two formulations for the cost function written in the
Mayer form. The first maximizes the final mass at the return to the
point of origin for a specified initial mass. This is equivalent to a
minimum propellant problem:

max J = m g(givenmg) )

The second cost function minimizes the initial mass for a specified
final mass:

max J = —mo(givenm ) (10)
The optimal control Hamiltonian and the costate equations are

H=X'X=Xv+Xg+T/mX'u—(T/o)r, (11)

AN =H, (12)
Equation (12) yields
. a
A = —Af(—g) (13)
ar
A=\ (14)
. AT
o = =25 (15)
m

There are four sets of physical state constraints that must be met
for a valid solution. The spacecraft must match the position and
velocity of the target system at #; and #, and must also match the
point of origin’s position and velocity at #, and ¢:

¥, = |:rs/C(ti) _rTi(ti)i| —0.

i=0,1,2f 16
Ve (ti) —vri(ti) L2 (16)
The inequality constraints on the stay time at the target and on
the total time of flight are treated via slack variables. They allow the
program to search for the optimal stay time greater than a minimum
prescribed stay time and a time of flight no longer than a prescribed
total time of flight (TOF). Therefore, all of the times and the corre-
sponding states in this problem formulation are free parameters:

h=t+ Tstay + 512 W)
t; =ty + TOF — 53 (18)

These inequality constraints are then adjoined to the Bolza func-
tion with their own Lagrange multipliers. The Bolza function in the
optimal control formulation includes the items that are being opti-
mized and adjoins the kinematic boundary conditions via a set of
new Lagrange multipliers. The Bolza function takes the form

G=ms+wyhy+w P, +w P, +with,

+01(t — 11 — tay — 57) + 02(ty — to — TOF + 53) (19)

By the use of the partial derivative of the Hamiltonian with re-
spect to the controls and the solution of the control variables, the
Hamiltonian is maximized.! This results in the spacecraft thrust di-
rection being aligned with the primer vector as defined by Lawden®’:

u=X/ (20)
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For the CSI engine, the Hamiltonian is rewritten to group all of
the thrust-dependent terms. Define the well known thrust switching
function as

S = )\v/m - )\m/C (21)

By substituting the primer vector and the switching function, the
Hamiltonian is rewritten as

H=Xv+Ag+SxT 22)

For a CSI engine, to maximize the Hamiltonian, from the Pon-
tryagin maximum principle, the well-known bang—bang switching
structure is used to control the thrust times.! When the switching
function is positive, the thrust is equal to its maximum value, and
when the switching function is negative, thrust is set to zero. For
VSI engines, the thrust magnitude is determined by maximization
of the Hamiltonian. Although the Hamiltonian for a VSI engine is
identical to that of a CSI engine, for the VSI engine it is rewritten
to show its dependence on the three control variables: u, thrust, and
power. By the use of the primer vector and the exhaust velocity
expressed in terms of power and thrust, it is

c=2P/T (23)
H=Xv+Ag+ (T/mnr, —[T*/QP)h, (24
The partial of the Hamiltonian with respect to the controls, thrust,

and power is taken. Given that the thrust must always be greater than
or equal to zero, the following conclusions are drawn:

T = Phy/(mhy) (25)
P = Puux, Am = 0 (26)
P =0, Ap < 0 Q7

The case with zero power is never actually possible for these mis-
sions because the mass multiplier will never have a negative value.
As described in the Adjoint Control Transformation section, the ini-
tial mass multiplier is given an initial value of one. Additionally, the
mass multiplier derivative is always nonnegative, as seen in Eq. (15).
The thrust and the magnitude of the velocity multiplier are always
nonnegative. Therefore, the mass multiplier will always be greater
than zero for these missions, and the power will always be at the
maximum value.

Optimality Conditions Across Control
Corner Discontinuities

The conditions that must be satisfied for determination of the
maximum mass at the end of the roundtrip trajectory are found
by consideration of the preceding formulations for the CSI or VSI
engines. The use of the first differential of the cost function yields the
following conditions for optimality under the control of the primer
vector and with the costates governed by the costate Eq. (12). The
derivation of these conditions closely follows the corner conditions
laid out by Hull®® and Bryson and Ho.!” The conditions with plus
or minus subscripts correspond to the value of the variable before,
for example, H,_, or after, for example H., the control corner at
that time, such as #,. The first cost function, Eq. (9) that maximizes
the final mass, is used for this derivation. The differences in the
derivation for the second cost function, Eq. (10), are explained after
the first derivation is complete. The generalized cost function is

tf
J:G—i—/ [H = XTx]ds (28)
10

The conditions at the initial state and time #, are
G, = Hy (29)

Gro= —A! (30)

The conditions at the first corner at ¢; are

Gy =0=-20;s (€2))
Gor =0 =1t —t — tyuy — 57 (32
Gy =Hy, — Hi_ (33)
Ga =Xl = Al (34)

The conditions at the second corner at , are

Gy =0 =265, (35)
Gy =0=1t; —ty — TOF + 52 (36)
Gy =Hy, — Hy_ 37
Go=A_—A}, (38)

The conditions at the final state and time #; are
G, =—Hy (39)
Gy = A} (40)

Egs. (31), (32), (35), and (36) correspond to the time constraints
and their associated slack variables. With the two slack variables
as unknowns, Egs. (32) and (36) are directly utilized to solve for
t, and ¢, and, therefore, will always be satisfied. For both the CSI
and VSI missions, the Hamiltonian is a constant across each leg of
the trajectory because there are no terms in the Hamiltonian that are
explicitly dependent on time. However, at the two corners, based
on corner conditions in Egs. (33) and (37), the Hamiltonian is not
continuous. These results for the Hamiltonian were confirmed later
for the actual missions optimized. By the use of the following sim-
plifications, the necessary conditions for optimality are determined.
Equation (40) is expanded as

Wiy Ay
Gl =|wy|=|Ay 41)
1 o

This shows that the mass multiplier is equal to unity at the final time:
Amp =1 (42)

With this information, the partial derivative of the Bolza function
Eq. (19), with respect to the final time, yields

Gy =—w/vry —w, gry + 6, (43)
G,f = —ArTfVTf — )‘fngf + 92 (44)
The Hamiltonian at the final time can be written as

Hp = Xvy+ X8+ 8Ty (45)
Ideally, when the spacecraft has achieved its target at the final
time, the spacecraft and the target velocities will be identical, as
will their gravitational accelerations. Therefore, the combination of

Eqs. (44) and (45) as specified by Eq. (39) yields the following:
Hy+Gy=8T;+6,=0 (46)

Equation (30) is then expanded as

—Wro >\r0
~Ghh=|~ww | = | A 47)
—Wno )\m()
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With this information, the partial derivative of the Bolza function
Eq. (19), with respect to the initial time, yields

G = —wliyvro — wl gro — 6 (48)
G = Nyvro + X gro — 6 49)

The Hamiltonian at the initial time can be written as
Hy =X\ vo + X go + SoTo (50)

The initial state of the spacecraft is specified to match the initial
state of the point of origin, and, therefore, both will have identi-
cal velocities and gravitational accelerations at #,. Combination of
Eqgs. (49) and (50) as specified by Eq. (29) yields the following:

Hy—Gy=STo+6,=0 (51

Finally, Egs. (46) and (51) can be combined to show that the switch-
ing function times the thrust must be equal at the initial and final
times:

SoTo = ;T (52)

A similar simplification process is used across the two control cor-
ners. Equation (34) is expanded as

Wr1 A,-1, - ArH»
Gzl = | Wu = Aulf - Avl+ (53)
0 }‘mlf - }‘mH»

This shows that the mass multiplier is continuous across the control
corner discontinuity:

)"mlf = )"ml+ (54)

With this information in the partial derivative of the Bolza function,
Eq. (19), with respect to the corner time #,, yields

G = _erlle - wang — 6 (55)

Gi= (AL =N+ (A — Al )gri—61  (56)

The Hamiltonian before the corner subtracted from the Hamiltonian
after the corner yields

Hy, —H_= ()‘rTH- - ’\rTl—)"l + (AZH— - AZI—)gl
+83: Ty — Si-Th- (57

Again, ideally when the spacecraft has achieved its target at the
corner t;, the spacecraft and the target velocities will be identical,
as will their gravitational accelerations. Therefore, the combination
of Egs. (56) and (57) as specified by Eq. (33) yields the following:

SivTiy — S1-T1-+ 6, =0 (58)

The derivation is almost exactly the same across the second corner.
The mass multiplier is again continuous across the corner:

)\m2— = )"n12+ (59)
S oy — ST — 6, =0 (60)

Because the thrust at time #,, and at time #,_ during the stay time
at the target is always equal to zero, the terms with 73, and 7,_ can
be dropped. Equations (58) and (59) reduce to

S$1-T-—6,=0 (61)
ST — 01 =0 (62)

They can be further simplified to show that the switching function
times the thrust must be equal at the end of the outbound leg and at
the start of the inbound leg:

Si-Ti- =85 Toy (63)

te ty

Thrust Coast Thrust .
1

ty

to
ta)

Fig. 2 Generalized CSI outbound and inbound legs: thrust/coast/
thrust times.
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Fig. 3 Velocity-referenced frame for ACT.

For a CSI engine, there are four additional variables and con-
straints to consider. Because each leg of the CSI transfers is broken
down into an assumed thrust/coast/thrust structure, the boundary
value problem is set up to search explicitly for the switching times
where the CSI engine switches from thrusting to coasting and vice
versa. The variables 7,, 15, t., and #, represent the start and end of
the coast periods for the outbound and inbound trajectories for a
CSI engine. The corresponding constraints are that the switching
function must be zero at these points. A generalized schematic of
these times is shown in Fig. 2.

Adjoint Control Transformation

The initial estimates of the unknown vector can be refined and
given more physical meaning with the use of an adjoint control
transformation (ACT).?° The velocity costates can be replaced by
angles that describe the direction of the thrust. The initial magnitude
of the velocity multiplier and its derivative are considered unknowns.
These values can then be used to solve for the actual costate vector.
This transformation is achieved first by expression of the thrust
direction vector u in a vehicle-centered coordinate frame. For this
example, a velocity-referenced coordinate frame is used. The three
unit vectors that form the coordinate system are

b=v/v (64)
h=@xv)/Irxv| (65)
W=hxp (66)

The thrust-direction unit vector u is written in this frame in terms
of @ and B in Fig. 3.
The thrust-direction unit vector in this frame is

cosa cos 8
Uy, = | sinacosp 67)

sin 8
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Its derivative, which is used in the transformation to the actual
costates, is

—dsinacos B — B cosasin B
& cosacos B — Bsina sin B (68)

Bcosp

Uywh =

The thrust-direction unit vector is then rotated into the inertial
coordinate frame utilized by the states and costates, which has its
origin located at the problem’s central body, for example, the sun.

Ujjr = Ruvwh (69)
iv i-w i-h

R=\|j% jw j-h (70)
kv k-w k-h

The first time derivative of this rotation matrix is required for use
in the transformation to the actual costates. By the use of Eqgs. (67),
(68), and (70), along with the derivative of the rotation matrix, the
derivative of the thrust-direction unit vector is expressed in the in-
ertial frame:

ui./k = Ruvwh + Ruvwh (71)

Equation (20) can be rewritten to solve for the velocity multiplier
vector as

Ay = Al (72)

From the costate Eq. (12), because the gravity field is not a function
of the velocity, the position multiplier vector can be written as

A=A, (73)

Taking the derivative of Eq. (72) and plugging it into Eq. (73), the
position multiplier vector can be found:

A = —Aliji — Aylliji (74)

Additionally, the initial mass multiplier is set to one, which
rescales the multipliers and eliminates an unknown from the search
vector. The constraint, Eq. (42), that the final mass multiplier is
equal to one is then dropped from the set of conditions. Because the
mass multiplier derivative is always positive as described earlier,
and the initial mass multiplier value is equal to one, the final mass
multiplier will now equal some number greater than one. The cost
function is multiplied by some positive constant K, greater than one,
that in practical terms, is exactly the same cost function. The final
mass multiplier value, which was originally one, is equal to K:

maxJ = Km (75)
Ao = 1 (76)
Amp =K >1 a7

Following this process, Eqs. (72), (74), and (76) directly provide
the full costate vector. The new search variables become the initial
angles for the thrust unit direction vector and their derivatives in a
velocity-referenced, vehicle-centered frame. These unknowns have
actual physical significance, and intelligent estimates can be made
of these unknowns. The initial magnitude of the velocity multiplier
and its derivative are also unknowns.

Boundary Value Problem

The preceding conditions and simplifications are now used to
form a well-defined multipoint boundary value problem. The search
vector for the problem with the adjoint control transformation is, for
both engines,

Amo =1 (73)

for the CSI engine,

Zesi=1lto ta & i o Bo & Bo Ao Aw
s 0 s 0 o B

@ B o ket talpg (79)
for the VSI engine,

zvsi=[to 1 @ Bo @ Po Ao Ao i

O 55 6 a B P Mo llgen (80)

CSI necessary conditions are

2R
Y o6
S;T; + 6,
SoTo + 62
—20,5,
cesi = ZQSZH” —0 81)
Sp
Se
Sa
Sn_Ti_ — 6,
St Toy — 01

22x1

VSI necessary conditions are

’¢1 6x1
'l/’f 6x1
SiT; +6,
eyt = SO_T;@;@ =0 (82)
20,5,
ST — 6,
| S Tioe — 61|

18x1

Minimizing Initial Mass for a Given Final Mass

In many cases for mission planning, it is desirable to specify a
fixed final spacecraft mass and search for the minimum initial mass
that can achieve the mission requirements and constraints. This al-
lows a search to be performed for the minimum amount of propellant
needed for a specific dry mass to complete a given mission. This
is basically the same optimization problem as maximization of the
final mass because the goal is to minimize the propellant, and the
first-order optimal conditions are identical. However, the steps to
generate those conditions are slightly different, and these differ-
ences are explained. By the use of the cost function as defined by
Eq. (10), according to Eq. (30), the initial mass multiplier value is
determined to have the value of one instead of an unknown constant
as used in the maximum final mass case. However, this is exactly
the same as the cases where the desire is to maximize the final mass
for a given initial mass when the ACT is used where the multipliers
are rescaled as described earlier. The final state condition, Eq. (40),
then requires that the final mass multiplier is equal to some constant
value, which necessarily is positive and greater than one. This is
due to the mass multiplier derivative always being positive and the
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initial mass multiplier value being equal to one. Again, this is iden-
tical to the maximum final mass problem when the ACT is used.
The search vectors do slightly change for both CSI and VSI engines
with the addition of the estimate of the initial mass. The additional
constraint necessary to complete the boundary value problem is the
difference between the specified final spacecraft mass and the final
mass found of the trajectory.

Sample Missions

Solutions are generated by the use of a nonlinear boundary value
solver from the Harwell Subroutine Library.’ It is a hybrid algo-
rithm that uses Newton—Raphson and steepest descent methods,
combined with a Broyden method, to improve the Jacobian matrix
to solve the multipoint boundary value problem. The set of sample
missions presented here are for long-range, high-power, human-
crewed missions to Mars and Jupiter. Both the VSI and CSI engines
are powered by a 5-MW reactor. The CSI engine was set to operate
atan I, of 5000 s. The VSI engine operates with no bounds onits I,
or thrust levels. The total time of flight is constrained to be less than
or equal to 365 days, whereas the stay time at Mars is constrained
to be greater than or equal to 60 days. For the Jupiter missions, the
maximum total TOF is four years, with a minimum one year stay
time in the Jovian system. For all of the missions analyzed, the slack
variables were driven to their constraint boundaries, that is, slack
variables equal to zero, due to the short roundtrip mission times
analyzed. The program reference epoch used in this program is a
date chosen at random and does not necessarily correspond to a par-
ticularly favorable planetary alignment. The program then searches
for the value of 7, in days either before or after the reference epoch
that yields the optimal starting time for the roundtrip trajectory. This
tests the ability of the program to search for optimal solutions even
when the initial estimate is far from the optimal solution.

Maximum Final Mass Trajectories

For both the Mars and Jupiter missions presented where the final
mass is maximized, the initial mass is set at 100 mt. Figure 4 shows
the optimal time constrained roundtrip Mars VSI trajectory.

Figure 5 shows the optimal time constrained roundtrip CSI trajec-
tory to Mars. For the CSI engine, the thrust magnitude is constant.
Figure 5 clearly shows the thrust/coast/thrust structure assumed for
the CSI engine.

The maximum final mass values for both the CSI and VSI Mars
and Jupiter missions are listed in Table 1. The VSI missions, as
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Fig. 4 VSIroundtrip human-crewed Mars mission (¢y = 30 May 2018).

expected, are more fuel efficient than the CSI missions. However,
the Mars CSI mission is much more efficient than the Jupiter CSI
mission in comparison to the respective VSI missions to these plan-
ets. This is because the average VSI I, for the Jupiter missions is
higher than the average VSI I, for the Mars trajectory. The CSI I,
value of 5000 s was chosen to be representative of a capable CSI
engine. It is not optimal, although for the Mars mission, it is closer
to its optimal value than for the Jupiter mission. This is shown by
the greater VSI fuel savings for the Jupiter mission in comparison
to the Mars mission. The optimal I, for the CSI engine can only be
found by the use of this program to perform a parametric scan of Iy,
values for each particular mission.

Figures 68 show particular details for the Mars mission presented
in Table 1. Figure 6 shows the plot of Iy, vs time for both the VSI
and CSI engines. The CSI engine I, is constant at 5000 s. However,
when the spacecraft is coasting, the Iy, is plotted in Fig. 6 as a
value of zero to show the coast. The VSI I, is unbounded and takes
values as high as 82,000 s to achieve the most optimal trajectory. The
periods of extremely high VSI I, correspond to the coast periods
of the CSI engine.

Figures 7 and 8 plot the switching function for the VSI and the
CSlengines. Figures 7 and 8 clearly show that Egs. (52) and (63) are
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Fig. 5 CSI roundtrip human-crewed Mars mission (fp =24 May
2018).
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Table 1 CSI and VSI maximum final mass (my =100 t)

Target Max TOF, Min stay CSI, Is, =5000s, VSI max VSI av VSI fuel
body days time, days max m ¢, kg myg, kg I, s savings, kg
Mars 365 60 42,602 17,464 7,067

Jupiter 1460 365

60,782 42,604 22,016




RANIERI AND OCAMPO 313

0.025

0.02 A

0.015 A

0.01 A

0.005 A
0 T

0 100 200 300 400
Mission Time (days)

- Qutbound
Switching
Function*

— Inbound
Switching
Function*

VS| Switching Function*T

Fig. 7 VSI switching function times thrust vs mission time.

0.3
0.25 4
0.2 1
5
5 0.15 -
c — QOutbound
I 011 Switching
2 - Function
§ 0.05 — Inbound
s Switching
@ 0 Function
& s,%f T T T
o 100 200 30 400
-0.05 4
-0.1 4
-0.15
Mission Time (days)
Fig. 8 CSI switching function vs mission time.
65 4
55 4
@
c
e
© 45 A
‘g —=—\/S| mf
= % CSI mf
€ 35 A
25 4
15 T T T
0 20 40 60 80
Stay Time (days)
Fig. 9 Final mass vs martian stay time (1 =100 t).
200 A
& 150 4
f =
]
Q
= -=-\/SI m0
& 100 -
o *-CSI'mo
€
50 A
0 T T T T
10 20 30 40 50 60

mf (metric tons)

Fig. 10 Mars: CSI and VSl initial mass needed vs specified final mass.

satisfied. The initial and final values of the switching function times
the thrust are equal. The values of the switching function times the
thrust at the end of the outbound leg and the start of the inbound leg
are also equal.

Figure 8 shows the CSI switching function and how that is used
to control the trajectory and maximize the Hamiltonian. The times
where the switching function crosses zero in Fig. 8 correspond to
the final converged search variables ?,, ;, f., and #;. When the CSI
switching function is negative, the spacecraft is on its coast arc.

VSI vs CSI Comparison

In a comparison of the VSI and CSI trajectories, the VSI trajec-
tories are always more efficient in propellant usage. This behavior
can be seen in Fig. 9 which shows the final mass on Earth return
of a 100-t spacecraft with Martian stay times parametrically varied
from 0 to 70 days. The VSI engine is 7000-9000 kg more efficient
in fuel usage for each stay time.

Minimum Initial Mass Trajectories

When the cost function is switched to minimize the initial vehi-
cle mass needed to achieve the mission with a specified final mass,
prohibitive mission profiles are determined. A point is reached at
which a specified final mass within the specified time bounds be-
comes completely unrealistic (VSI) or impossible (CSI). For the
VSI engine, this point is for a much larger specified final mass value
than is achievable for the CSI engine. The mission profile examined
is again for a 365 day roundtrip mission with at least 60 days spent
at Mars. The largest specified final mass VSI mission to converge
was for a final mass of 74 t, and the corresponding minimum ini-
tial mass needed for this mission is almost 25,000 t, which is not
a feasible initial mass. Figure 10 shows the initial mass needed to
achieve the CSI and VSI missions plotted for a more realistic range
of minimum initial mass values (m, < 220 t). Figure 10 very clearly
shows the added controllability of the VSI engine vs the CSI engine.
The CSI engine becomes uncontrollable as the slope tends toward
infinity at a final mass of 36 t, much lower than the achievable spec-
ified final mass of 74 t (not shown) for the VSI engine. If final mass
values greater than 36 t is required for the CSI engine, the I, would
have to be lowered to allow the engine greater thrust capabilities to
accommodate the larger vehicle mass.

Verification of Results

To verify the numerical results produced with the indirect method,
the Mars missions presented in this paper were optimized indepen-
dently with COPERNICUS. As described earlier, COPERNICUS
currently uses a hybrid algorithm to determine optimal roundtrip
trajectories.!*!* The amount of propellant used in these missions
ranged from 40,000 to 65,000 kg of fuel. For the maximum final
mass, a one-year roundtrip Mars mission with a 60-day stay time,
for the VSI engine, COPERNICUS and this program had a differ-
ence of 0.07 kg of propellant. This is only a 1.2E—4% difference
in propellant mass. For the same CSI mission, the result found from
the indirect method was 263 kg more efficient in propellant usage
compared to COPERNICUS. This is still a very small difference
in fuel usage, or a 0.38% difference. The agreement of these re-
sults proves that the indirect method applied to the time-constrained,
roundtrip mission is capable of generating accurate, reliable optimal
solutions.

Conclusions

The indirect method, which accounts for control discontinuities
at the arrival and departure from the target, has been shown to gen-
erate roundtrip solutions efficiently that satisty all of the necessary
conditions for optimality. Use of the ACT allows intelligent ini-
tial estimates to be formed, leading to quick convergence. The nu-
merical results generated by the use of these optimality conditions
are verified with an independent hybrid optimization tool that pro-
duces practically identical minimum propellant mass values. The
missions presented could be useful in mission planning for the pro-
posed human-crewed missions to the moon and Mars in the coming
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decades. Additionally, this methodology, although applied to mis-
sions that are currently not feasible, can be applied to a wide range
of other near-term missions such as robotic sample return missions
to planets, comets, or asteroids with much smaller vehicles and
propulsion systems.

More details can be added to the current model to make it more
realistic and robust. Realistic upper and lower bounds will be placed
on the specific impulse and thrust of the variable specific impulse
engine to represent more accurately the true capabilities of such
an engine. It is also envisioned that the optimal control problem
be reformulated to account for a mass discontinuity at the target to
simulate spacecraft mass left at the target system. A minimum he-
liocentric distance constraint may be imposed to limit the spacecraft
from approaching the sun too closely. A final goal is the analysis
of missions where the time slack variables are not driven to their
boundaries by the dynamics of the system and the stringent total
transfer-time constraint.
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